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Abstract 



The copula representations for conditionally independent random vari- 
ables and the distribution properties of order statistics of these random 
variables are studied. 
,S^ • Key words: Copula, Conditional independence, order statistics. 

1 Introduction 

Dawid (1979) noted that many of the important concepts of statistical theory 
^ ' can be regarded as expressions of conditional independence, thus the conditional 

^P . independence offers a new language for the expression of statistical concepts and 

a framework for their study. Dawid (1979) considered the random variables 
X-^ . X ,Y and Z. If the random variables X and Y are independent in their joint dis- 

^* ' tribution given Z — z, for any value of z, then X and Y are called conditionally 

i— V . independent given Z and denoted hy {X ±Y \ Z). A general calculus of condi- 

tional independence is developed in Dawid (1980), where the general concept of 
conditional independence for a statistical operation is introduced. Dawid (1980) 
showed how the conditional independence for statistical operations encompasses 
the basic properties such as, sufficiency, {X ±8 | T), in which X is a random 
/\ ' variable with distributions governed by a parameter Q, and T is a function of X, 

or.pointwise independence, adequacy etc. Pearl et al. (1989) considered condi- 
tional independence as a statement and addressed the problem of representing 
the sum total of independence statements that logically follow from a given 
set of such statements. Shaked and Spizzichino (1998) considered n nonneg- 
ative random variables Tj,z = 1,2, ...,n which are interpreted as lifetimes of n 
units and assuming that Ti, T2, ..., T„ are conditionally independent given some 
random variable O, determined the conditions under which these conditionally 
independent random variables are positive dependent. In the Bayesian setting 
it is of interest to know which kind of dependence arises when Q is unknown. 
Prakasa Rao (2006) studied the properties of conditionally independent ran- 
dom variables and proved the conditional versions of generalized Borel-Cantelli 



lemma, generalized Kolmogorov's inequality, Hajek-Renyi inequality. Prakasa- 
Rao (2006) presented also the conditional versions of classical strong law of large 
numbers and central limit theorem. 

In this paper a different approach to conditionally independent random vari- 
ables is considered, the necessary and sufficient conditions for conditional inde- 
pendence in terms of the partial derivatives of distribution functions and copulas 
are given. Also, the distributional properties of order statistics of conditionally 
independent random variables are studied. The paper is organized as follows: in 
section 2 we present a definition of conditionally independent random variables 
Xi , X2 , . . . . , Xn given Z and derive a sufficient and necessary conditions for con- 
ditional independence in terms of copulas. These conditions allow to construct 
conditionally independent random variables with given bivariate distributions 
of {Xi, Z) and marginal distributions of Xi's. In Section 3 we study the distri- 
butions of order statistics from conditionally independent random variables. It 
is shown that these distributions can be expressed in terms of partial derivatives 
of copulas of Xi and Z. The permanent expressions for distributions of order 
statistics are also presented. 

2 Conditionally independent random variables 

Let (^1, X2, ..., Xn, Z) he n + I variate random vector with joint distribution 
function (cdf) H{xi,X2, —,Xn, z) = C{Fxi{xi),Fx2ix2), ■■■,Fx„{xn),Fz{z)), 
where Fx,(a;,) = P{X, < x,}, i = 1,2,..., n, Fz{z) = P{Z < z} and C is 
a connecting copula. 

Definition 1 // 

P{Xi < Xi,X2 < X2,...,Xn <Xn \ Z ^ z} = 

P{Xi < Xi\Z^z}P{X2<X2\Z = z}---P{Xn<Xn\Z = z} (1) 

for all {xi,X2, ...,Xn, z) G M"^"'^, then the random variables Xi,X2,...,X„ are 
said to be conditional independent given Z. 

It is clear that if the random variables Xi , X2 , ..., Xn are conditionally inde- 
pendent given Z then the conditional random variables Xi^z = {Xi \ Z = z),i = 
1,2, ...,n are independent for all z S M and P{Xi G Bi, ...,X„ G Bn \ F z} = 
P{Xi G Bi I Fz} ■ ■ ■ P{Xn G Bn I Fz} a.s. for any Borel sets Bi,B2, ..., S„, 
where F z ^s a cr— algebra generated by Z. 

Example 1 Bairaniov and Arnold (2008) discussed the residual lifelengths of 
the remaining components in an n — k + I ~ out — of — n system with lifetimes 
of the components Xi, X2, . . . , Xn, respectively. Let Xi ' s are independent and 
identically distributed (iid) random variables with common absolutely continuous 
distribution F. If we are given Xk-.n = x, then the conditional distribution of the 
subsequent order statistics Xk+i-.m ■ ■ ■ , Xn-.k is the same as the distribution of 
order statistics of a sample of size n — k from the distribution F truncated below 



(k) 

at X. If we denote by Y^ ,i = 1, 2, . . . , n — fc the randomly ordered values of 

Xk+i:n, ■ • ■ , Xn:n, then given Xk 
survival function F{x + y)/F{x). 



(k) 
Xk+i:n, ■ ■ ■ ,Xn:n, then given Xk-.n = X, these Y^ 's will be iid with common 



2.1 Assumptions and notations 

Throughout this paper we assume that Xi, X2, ■■■, Xn, Z are absolutely contin- 
uous random variables with corresponding probability density functions (pdf) 
fXi{x),i ^ 1,2,..., n and fz{z), respectively. Denote by Fx-^,X2,...,x„ixi, X2,...,Xn) 
and Cxi,X2,...,x„iui, ...,Un) the joint distribution function and the copula of 
{Xi,X2, ..■,Xn), respectively and denote the pdf by fxi,X2,...,x„ixi,X2, ■.■,Xn)- 
We use the following notations for the bivariate marginal distributions and cop- 
ulas of random variables Xi and Z : 

Fxi,z{xi,z) = P{Xi < x,Z < z},i = 1, 2, ..., n, 

and 

Fx,,z{xi,z) = Cxi,z{FxAxi),Fz{z)), 

where Cxi,z(u,w), {u,w) G [0,1]^, is the copula of random variables (Xi,Z). 
We use also the following notations for partial derivatives: 

Tj, X dH{xi,X2,...,Xn,z) ■ dFxi,zixi,z) 

H(xi,X2,.:,Xn,z) = , Fxi,Z\Xi,z) = , 

oz az 

C{ui,U2,...,Un,w) = , Cx„z\u,w) = —-Cx,,z(u,w). 

aw aw 

The following theorem gives a necessary and sufficient condition for condi- 
tional independence of random variables Xi, X2, ..., Xn given Z. 

2.2 Necessary and sufficient conditions for conditional in- 
dependence 

Theorem 1 If fz{z) > 0, then the random variables Xi, X2, ..., Xn are condi- 
tionally independent given Z — z if and only if 

ij(xi,a;2,...,a;„,z) = f — — j ^Fx,,z(xi,z). (2) 

Proof. It is clear that ([T]) and ^ both are equivalent to 
lim P{X\ < Xi, X2 < X2, ■.., Xn < Xn \ z < Z < z + Az} 

= lim P{Xi <xi\z<Z<z + Az} ■ ■ ■ P\X„ < Xn \ z < Z < z + Az}. 

Az->-0 



Corollary 1 The random variables Xi,X2,...,X„ are conditionally indepen- 
dent given Z if and only if 

n 
C{ui,U2, ...,Un,w) = Y]_'^'x,,ziUi,w) for all < Ui,U2, ...,Un,W < 1. (3) 

i=l 

Proof. From 1^ one can write 
1 d 



fz(z)dz 



[C{FxAxi).FxAx2).:;Fx^{xr:),Fz{z))] 



n n 



1 \ li I'' o 

J^)) I[d-J^^'MFxM).Fziz))]. (4) 

It follows from ^ that 

CiFxAxi),FxAx2),-,FxJxn),Fz{z)) 

n 

= \{Cx^,z{FxM).Fz{z)) 

2=1 

and the transformation Fxi{xi) = Ui, {i = 1,2, ...,n), Fz{z) — w leads to ([3]). 



Corollary 2 Xi,X2, ■■■,Xn are conditionally independent given Z, if and only 
if the following integral representations for joint distribution function and copula 
hold true: 

oo _1 rj 

TT f \ f /^^_V~ TJ ^Fx„z{xi,z) 
Fx^,X2,...,xAxi,X2,...,Xn) = J ( jJT^j 11 q; (^^ 

-oo *=1 

^oo < xi < • ■ • < a;„ < CXI (5) 

and 

p n 

Cxi,X2,...,x„{ui,U2,...,Un) = / ]^C'xi,z(ui,w)du;, 

< ui, ...,u„ < 1. (6) 

Proof. The proof can be made easily by integrating ^ and ([3]). ■ 

2.3 Construction of conditionally independent random vari- 
ables 

Using Theorem 1 one can construct the conditionally independent random vari- 
ables Xi,X2, --.jXn given Z, with given joint copulas Cxi,z{ui,w), {u,w) G 
[0,1]^, of {Xi,Z), i — 1,2,..., n. The constructed joint distributions of condi- 
tionally independent random variables can be used, for example, in reliability 



analysis, for modeling lifetimes of the system having n+1 components, such that 
knowing the exact lifetime of one of the components allows the independence as- 
sumption for other components. Consider for example a system of three depen- 
dent components with lifetimes Xi,X2,Z having joint cdf Fxi,X2.zixi,X2Tz). 
Assume that the lifetime of the system is T = max{min(Z, Xi),min(Z, X2)} 
and if .^ = z is given, then the interaction between two other components be- 
comes weaker, hence Xi and X2 can be assumed to be independent. In this and 
many similar applications, where the conditional independence is a subject, the 
constructed joint distributions of conditionally independent random variables 
can be used for modeling of lifetimes or other random variables of interest. In 
Shaked and Spizzichino (1998) some interesting applications of conditionally 
independent random variables, such as an imperfect repair with random effec- 
tiveness and lifetimes in random environments are discussed. 

The following examples demonstrate the construction procedure of condi- 
tionally independent random variables by using Theorem 1. 

Example 2 Let n = 2. Denote by C{u, v, w) the copula of random variables 
{Xi,X2, Z), by Cxi,z{u,w) the copula of (Xi,Z) and by Cx2.z{v,w) the cop- 
ula of {X2, Z), respectively. Assume that the joint distributions of (Xi,Z) and 
{X2, Z) are classic Farlie-Gumbel-Morgenstern (FGM) distribution, i.e. the cop- 
ulas are 

Cxi,ziu,w) = uw{l + a{l - u){l - w)},{u,w) e [0,1]'^, -1 < a <1 
Cx2,z{v,w) = vw{l + a{l-v){l-w)},{v,w) e[0,l]^,-l<a<l, 

with 

d 

Cxi,z{u,w) = —{uw{l + a{l-u){\-v)}} 

= u + a{l-u){l-2w),{u,w) e [0,1]^-1 < a < 1 
Cx2.z{v,w) = v + a{l-v){l-2w),{v,w) (^[{),lf,-l<a<l. 

Then from equation ^ we have 

C{u,v,w) ^ Cxi,z{u,w)Cx2,z{v,w) 

= [u + a(l - u)(l - 2w)] [v -)- a(l - v){l - 2w)] 
= uv -\- auv{2 — u — v){l — 2w) -f a uv{l — u) (7) 

x{l-v){l-2w)^. 

Integrating ^ with respect to w, one obtains 

2 
C{u,v,w) = uvw -\- auvw{2 — u — v){l — w) — —uv{l — u){l — v){l — 2w) . (8) 

Therefore, the random variables Xi , X2 with the copula 

Cxi.X2{u,v) =uv + -— uw(l - m)(1 -v) 
6 



are conditionally independent if the copula of (Xi, X2, Z) is C{u,v,w) given in 

Example 3 Using calculations in Example 1 it is not difficult to see that if the 
random variables Xi,X2,...,X„ and Z are defined with their copulas as 

Cxi.ziui,w) = uiw{l + a{l-ui){l-w)}, 
Cx2,ziu2,w) = U2w{l + a{l - U2){1 - w)},-l < a <1 

and 

Cxi,z{ui,w) =UiW, i = 3,4, ...,n, < ui, U2, ..., u„, w < 1, 

then the solution of the equation 



C{ui,U2r--Un,w) ^ '^\Cxi,z{ui,w) 



IS 



C{ui,U2, ■■■,Un,w) — U1U2 ■ ■ -UnW + aUiU2- ■ ■UnW{2 ~ Ui ~ U2){1 — w) 

2 
-^UiU2 ■ ■ ■ U„(l - Ul)(l - U2)(l " 2w)^ (9) 

o 

The copula of Xi, X2, ■■■, Xn is 

Cxi,X2,...,X„(ui, "2, ••-,"«) = U1U2 ■■■Un + -^UiU2---Un{l ~ Ui){l ~ U2) (10) 

and Xi, X2t.., Xn are conditionally independent given Z. 

Remark 1 The conditional independence of random variables Xi, X2, ■■■, Xn 
makes it possible to evaluate many important probabilities concerning dependent 
random variables by replacing them with the independent pairs of random vari- 
ables. Assume that we need to calculate the probability of some event connected 
with the dependent random variables Xi, X2, ■■■, X^ for example consider 

P{(Xi,X2,...,X„) e B} 

= / fXi,X2,...,X„{xi,X2, ■■■,Xn)dxidx2 ■ ■ ■ dXn, 
B 

where B G 5R", 5R" is the Borel a— algebra of subsets of M" , H == Bi x B2 x 
■ ■ ■ X Bn and Bi are Borel sets on R and fxi,X2,...,x„{xi,X2, ...,x„) is the joint 
pdf of Xi, X2, ■■■, Xn- If the random variables Xi, X2, .■■, Xn are conditionally 



independent given Z, then conditioning on Z we have 

oo 

P{(Xi,X2,...,X„) e B}= f P{{Xi,X2,...,X„)eB\Z = z}dFziz) 

— oo 
°^ n 



/ 



n n— 1 I n 



/z(^) 



n 



dxi 



dxi > dz. (11) 



Si 



Furthermore, if G is some region on M", then 

oo 

F{(Xi,X2,...,X„) e G}= /p{(Xi,X2,...,X„)eG|Z = z}dFz(2 

— oo 
oo 

= / P{iXi^,,X2^z,...,Xn,z) G G}dFz(z) 



fxi,Axi)fx2.zix2) ■ ■ ■ fx„.z{xn)dxidx2 ■ ■ ■ dxn \ dFz{z), (12) 

-oo \G 

where Xi z — {Xi \ Z — z),i — 1,2, ..., n are independent random variables with 
pdf's 

f , ^ 1 dFx,^z{xr,z) . 

/z(z) dXi 

respectively. In the following example we illustrate how to use \12fl in calculat- 
ing of stress-strength probability P{Xi < X2} for dependent, but conditionally 
independent random variables. 

Example 4 First we construct conditionally independent random variables Xi , X2 
given Z ^ z. Let 

Fx,,z{u,z) = u^z{l + {l-u^){l-z)}, FxAu) = u\,Fz{z) = z, 0<u,z<l 
Fx,,z{v,z) = vz{l + {l-v){l-z)}, FxAv)^v,Fz{z)^z, 0<v,z<l, 



It is easy to calculate 

Fxi,z{u,z) 



[1 - (1 - 'u^)(l - z)] + u^z{\ - u^) 



(13) 
(14) 



Fx2,ziv,z) = v[l + {l-v){l-z)]+vz{v-l). 
Then using Theorem 1 we have 

Fx^.X2,z{u,v,z) ^ Fx^.z{u,z)Fx2,z{v,z)dz. (15) 



7 



Using il3\) . ^4\ in U^ ) and then integrating we have 

FxuX2,z{u,v,z) 

= -u^v^z^ - -u^vz^ + -u^vz^ u^v^z^ - iz'^u^v + 2z'^u^v^ + 2z'^u^v 

3 3 3 3 

222|o442 r-\a\ 

—z u V + 2u vz ~ u V z. (16) 

The joint cdf of Xi and X2 is 

2 1 11 

Fxi,X2 (u, v) = -u'^v + -u'^v'^ + -u'^v - -u^v"^ (17) 

and the pdf is 

/ ^ 4 4 4,83 

fxi,X2(u,v) = -^u+-uv+-u - gU w- 

The corresponding copula of (Xi,X2) can be obtained by using transformation 

Fx-i (u) = u^ = t, Fx2 {v) = V = s and it is 

Cx,,X2it,s) = s*"" + 3^"*' + 3^'"* " 3*'"*'' 
< t,s<l. 

It follows from Theorem 1 that Xi , X2 are conditionally independent given 
Z ^z. 

Now consider the probability P{Xi < X2}. By usual way integrating fxi,X2 {u, v) 
over the set {{u,v) : u < v} we obtain 

1 V 

P{Xi < X2} ^ J J fx,.X2{u,v)dudv = ^. (18) 



On the other hand using conditional independence of Xi , X2 given Z, we have 
P{Xi < X2}= f P{Xi <X2\Z = z]dFz{z) 
= f P{Xi^, < X2,,}dFz{z) 

= J i J Fi^,{u)dF2Au)\ dFz{z), (19) 

where Xi^ = Xi \ Z = z and ^2,2 = ^2 \ Z = z arc independent random 
variables with cdf 's 

Fxi,Ax) = -rY^Fx,,z{x,z) 

andFx2,(x) = Fx2.z{x,z), 

iz{z) 



respectively. Since fz{z) = 1, then from fTO]) taking into account P^ and pi| 
we have 



1 /I 



P{Xi < X2}^ f i f {u^[l-il-u^){l-z)] + u^z{l-u^)}dF2.,{u)\dz 

V / 

= / / {u^[l- {l-u^){l- z)]+u^z{l-u'^)}{l + {l-2u){l~2z)}du ) d;? 

\ 

1 

= f (- + -z+-zAdz = -, (20) 

i \15 15 15 y 90' ^ '^ 



which agrees with p^ . 

3 Order statistics 

Denote by Xi.n,X2:n, ■■■,Xn:n the order statistics of conditionally independent 
random variables Xi , X2 , . . . , ^n given Z. We are interested in distribution of 
order statistics Xr.n, 1 <r < n and the joint distributions oi Xr.n and Xg-.n, 1 < 
r < s < n. The formulas for distributions of order statistics contains expressions 
depending on copulas of pairs {Xi, Z), i — 1,2, ..., n and permanents. 

3.1 Distribution of a single order statistics 

Conditioning on Z one obtains 
00 

P{Xn:n < x} = f P{X^,n <x\Z = z}dFz{z) 

— 00 



dz 

V " " V / ' ,, I 

— 00 

1 



dFziz) 



l[Cx,,z{F.dx,),Fziz))dFziz) = / Y[Cx„z{F^ix,),s)ds 
^00^=1 »=i 

and similarly 

P{^l:n <X} = 1- j\{[l- Cx„z{F^{x,), s)]ds. 



The distribution of Xr-.n ,1 < x < n can be derived as follows: 

n ^ 

Fr:n{x) ^ -P{^,:« < x} ^ ^ / Pjexactly i of X's are <x\ Z ^ z}dFz{z) 

^='■-00 

OO ^ 

X n [l-P{X,,<x\Z = z}]\dFz{z) 



l=i+l 






(21) 



n 



(is, 



l=i+l 



where 



Sn = {{jl,J2,-,jn)A <Jl,J2,-,jn < "-}, 



(22) 



is the set of all n! permutations of (1,2, ...,n) and 2, extends over 

all elements of 5„. 

Remark 2 // Xi,X2, ...,^n «re identically distributed, i.e. Fxi{x) ~ Fx{x),\/x G 
K, i = 1, 2, ..., n and the joint distributions of (Xi, Z), {X2, Z), ..., (X„, Z) are the 
same, i.e. Cxi.ziujw) — Cx.ziu,w),\/{u,w) E [0,1]'^, i — 1,2, ...,n then 



^r:n\X) / ^ 



Cx.z{Fx{x),s) l-Cx,z{Fx{x),s) ds. (23) 



i^r:„(a:)=5;](")i^i(x)[l-F;,(x)]"- 



Remark 3 It follows from [23^) that, if Cxi,z{u,w) = uw, i.e. Xi,X2,...,X„ 

are independent and identically distributed (iid) random variables, then Cx,z{Fx{x), s) 

Fx{x) and 

3.2 The joint distributions of two order statistics 

The joint distribution of Xr-.n, and Xs-.n is 

Fr^s{x,y) = P{Xr:n < X,Xs;n < V} 



10 



n n — t 

E E 

i—r J— inax(s— 2,0) 

i+J 
X 



1 



i\{j - iy.{n - i - jy. 



n [^{^i. <y\Z = z}- P{Xi, <x\Z = z}] 



°° I i 



X II [l-P{Xi,<y\Z^z}]\dFz{z) 

k=i+j+i 



and in terms of copulas 



Fr,si^^y) 



n 71—1 ^ 

V V 

i=r j=max(s-i,0) ^ ' ^ ' {I 

i+'J 






k=i+l 



n 



fe=i+j + l 



(24) 



Remark 4 // Xi,X2, ...,X„ are identically distributed with cdf Fx{x), and the 
joint distributions of (Xi, Z), (X2, Z), ..., (X„, Z) are the same, i.e. Cxi,ziu, w) = 
Cx,z{u,w),y{u, w) e [0, 1]^, i — 1, 2, ...,ri, then 



n n—i 



Fr,six,y) = ^ Yl 



X [Cx.ziFx{y),s) ~ Cx,^,z{Fx{x),s) 



Cx.ziFx{x),s] 



]-t 



(25) 



l~CxAFx{y),s) 



n~%-] 



ds 



Remark 5 It follows from \25\) that, if Cxi,z{u,w) — uw, i.e. Xi,X2, ...,X„ 
are iid random variables, then Cx,z{Fx{x),s) — Fx{x) and 



n n—i 



FrAx,y) = E E 



?;!(j-?;)!(n-i- j)! 



F'xix) 



i=r j=inax(s— i,0) 

x{Fx{y) - Fx{x)y~' [1 - Fxiy)]"-'-' , 

which agrees the well known formula for joint cdf of rth and sth order statistics 
(see David and Nagaraja (2003)) 
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3.3 Expressions for joint distributions of order statistics 
with permanents 

Suppose A — (aij), i,j — 1,2, ...^n is the square matrix. The permanent of A is 
defined as 

n 

Per{A}^ J2 n«'^.^- 

(ii,i2,...j„)GS„fc=i 



where 5'„ is defined in (1^ and J2(ji 



(iij2,...j„)es„ 



denotes the sum over ah 



nipermutations {ji,J2, ■■■,jn) of (1,2, ...,n). Using (I?!]) one can reafize that 



" 1 /■ 

Fr:n{x) = J] -, ^ / Per {Ph(x, s)) ds, 

^ i\\n — i)\ J 



where 



Mi{x,s) 

( Cx„ziFxAx),s) Cx,,z{Px,{x),s) 

Cx„z{FxM^x) Cx,,z{Fx,{x),s) 

Cxi,ziFxt{x),s) Cx2,z{Fx2ix),s) 

1 - Cx,.z{FxAx),s) 1 - Cx2,ziFxAx),s) 

1 - Cx„z{Fx, (x), s) 1 - Cx2,ziFx2 (x), s) 



Cx„,z{FxAx),s) 
Cx„,z{Fx„{x),s) 

Cx„,ziFxAx),s) 

l-C'x„.ziFxAx),s) 
l-Cx^,z{FxAx),s) 



V l-Cx,,z{FxAx),s) l~Cx2,ziFxAx),s) ■■■ I - Cx„,z{Fx„ix),s) J 

Similar permanent expression for joint distribution of order statistics can be 
obtained from ([M]) 



times 



n — I 
times 



n n—i 



FrAx,y) = Y^ Y^ 



i\(j — i)\(n — i — j)\ 

i=r j=max(s— j,0) ' 



M2{x,y,s)ds, 



where 



/ Cx,,z{Fx,{x),s) 

Cx,AFxAy),s) 
-Cx^.z{FxAx),s) 

V l-Cx„z{FxAx).s) 



M2ix,y,s) 



Cx„MFxAx),s) \ 

Cx„.ziFxAy),s) 
-Cx^.z{FxAx),s) 



}i 



}J 



Cx„.z{FxAx),s) J I 



n — I — J 
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In general the joint distribution function of order statistics Xr-^-.n, Xr^-.m ■■■, Xr^-.n, 
1 < ri < r2 < • • • < Tfc < n is 



Fr. 



^^ Ji!j2!---:?fcjfc+i! J 



M3{xi,X2,—,Xk,s)ds, 



-oo < a:;i < X2 < • • • < Xfe < oo, 



where the sum is over ji, J2, ■•-, jfe+i with ji > ri,ji + J2 > r2, ..., ji + ,72 
jk > Tk and ji + ,j2 H h jk + jk+i = n and 



M3{xi,X2,-.-,Xk,s) 

( Cx,AFxAxi),s) 

Cxi,z{Fxi{x2),s) 
-Cxi,z{FxAxi),s) 

Cxi,ziFxiixk),s) 
-Cxi,ziFxi{xk-i),s) 

V ^-Cxuz{FxAxk),s) 



Cx„,z{FxAxi),s) 

Cx^,z{FxAx2),s) 
-Cx„,z{FxAxi),s) 

Cx„,z{FxAxk),s) 
-Cx„,ziFx„{xk~i),s) 

l-Cx„^z{FxJxk),s) J 



}J2 



}jk 
}jk+l 



Remark 6 // Xi,X2,...,X„ are identically distributed with cdj Fx{x), and the 
joint distributions of (Xi, Z), {X2, Z), ..., (X„, Z) are the same, i.e. Cxi,z{u, w) = 
Cx,z{u,w),\/{u, w) e [0, 1]^, i — 1,2, ...,n, then 



E 



i^2,---,f'k\Xl^ X2 , •'•, Xn ) 
1 
1 

jiW----.ik.ik+i^- 




31 r • 



Cx.ziFx{xi),s) Cx,ziFx{x2),s) - Cx.ziFx{xi),s) 



32 



CxMFxixk),s) - CxAFx{xk-i). s) 1 - Cx.z{Fx{xk). s) 



3k 



ds. 



'OO < a;i < 2:2 < 



< Xk < 00, 



where the sum is over ji,J2, ...,.jk+i with ji >ri,ji+J2 > r2, ■..,ji + J2 -\ h 

jk > rk and ji + .72 H h jk + jk+i = n. 

The order statistics are widely used in statistical theory of reliability. The 
coherent system consisting of n— components with lifetimes Xi,X2, .■.,Xn has 
lifetime which can be expressed with the order statistics (or the linear functions 
of order statistics using Samaniego's signatures). The n — k + 1-out-of-n co- 
herent system, for example, has lifetime T = Xk-.n and the mean residual life 
function of such a system at the system level is \I'(i) = E{Xk:n — t \ Xr-n > t], 
r < k. The function ^(t) expresses the mean residual life (MRL) length of a 
n — k + 1-out-of-n system given that at least n — r + 1 components are alive 
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at the moment t. It is clear that to compute the rehabihty or the MRL func- 
tions of such systems we need the joint distributions of order statistics. The 
results presented in this paper can be used if the system has components with 
conditionally independent lifetimes. 
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